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Mathematirs is such a vast and rapidly expanding field of study that thcr« are 
inevitably many important and fascinating aspects of the subject which do not find 
a place in the curriculum simply because of lack of time, even though they are well 
within the grasp of secondary school studenu. 

Some classes and many individual students, however, may find time to pursue 
mathematical topics of special interest to them. The School Mathematics Study 
Group is preparing pamphlets designctl to make material for such study readily 
aiiessible. Some of the pamphlets deal with material found in the regular curric- 
ulum but in a more extended manner or from a novel point of viev. Others deal 
with topics not usually found at all in the standard curriculum. 

This particular series of pamphlets, the Reprint Series, makes available ex- 
osilory articles which appeared in a variety of mathematical periothcals. Even it 
'the periodicals were available to all schools, there is convenience in having articles 
on one topic collected and reprinted as is done here. 

This series was prepared for the Panel on Supplementary Publications by 
Professor William L. Schaaf. His judgment, background, bibliographic skills, and 
editorial efficiency were major factors in the design and successful completion of 
the pamphlets. 
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Music means different things to different people and «^bits jnany faa^. 
musi^^nds and tones; scales and modes; mus ca^ notauon; ^armo^^.^ 
S^^^Siia^^rbvthm melody and counterpoinr, musical composition and fonns, 
voke^d chorll music; orc^ and symphonic music; acousa^ 
^d tSn^pXc^n of music by phonograph, radio T-V, ^-f^J^^^^^ 
!^ In what ways, if any. are these various facets of music related k> roathe- 
madcs h« i^theiLtics contribu«d to musical notation? to the theory 

S^mSn "todie design of musical instruments? to the high-fidehty 
IrSnTf muskTls tlf composer av^ of --^^^^.^'^^^ 
vXTSTmusic and musical composition? Can the mathemaaaan, as mathc- 
n^tida^^emTch "e domain of thrmusician? Tb«e arequesdons more «i^y 
S A^n answered. Moreover, such answers as ^ve been S^ven are for the 
m^part. scattered through various pericxlicals. often ™ibl^ ^t^ why 
wrhave brought these essays togcdier for your enjoyment. It is hoped Aat 
ZT^m a^TJst open new hori^Sns for you. even if they do „ot answer 5^ur 
aSd^ns comSetek. You may then agree with Morris Kline when he says 
"S^ mSt TlW 0 the arts can be transcribed into the most abstract of the 
^n^and^ml reasoned of the arts is clearly recognized to be abn to 
the music of reason." 

-William L. Schaaf 
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FOREWORD 

Nearly three hundred years ago, Uibniz the philosopher and -^^^^ 
of thrcaiculus. had this to say: "Music is the pleasure that the hum»" 
^irS?enc« from counting "vithout being aware that it .s counting . In more 
^n r^^e! the renowned architea. theosophist and philosopher Claude 
S^agdon o^e t^ser^rth:? "music is' number made audible, architecture . 

number made visible". • • «,..c.v 

These two observations would seem to justify the conviction that music^ 
at 1 Jt ^some ofl^^pects. is somehow intimately and inextricably associated 
wi rZS^s and therpriperties. The early Greek mathematicians of the 
Pvthag^an School were firmly convinced of this. Since ancient times, men 
h * known d^atle pitch of a'sound from a plucked string depends upon i« 
tn«h and that if the ratios of the lengths of the strings are sunple whole 
n^trs^ 1^^^^^ sounds will be harmonious. Specifically. Pythagoras 
rawa;e that lengths which sounded a note, its fifth and its octave were m 
The ratio 2- 3 4 In fact. Pythagoras and his disciples believed that the dis- 
anc^S the^tronomic;i planer from the earth were also m ~al pr^ 
gSon and that therefore the heavenly bodies as they -loy^^^^t! ofiS 
ive forth harmonious sounds: whence arose the phrase the harmony of Ae 
Sheres". The Pythagoreans fully believed that the only expianation of the 
ord« and harmony and perfection in the Universe was to be found in the 
science of numbers, or arithmetikd. 

-ndeed, .his conviaion was «. d«p-rooted Aa. for "O" V""' /"^L 
lime of Pythagoras ro .he Middle Ages, men classified knowledge as .he Seven 
ArB Ae Irivium (grammar, rhetoric, and logic) and the qu^mmm 
SLe,^ as'o^omy. „, and music,. Furthermore, *e -thema"" 
Liences were thought of as follows: numbers absolute, or arithmetic: numbers 
™d. magnitudes a. res,, or geometry; magnitudes ,n mo,.on. or 

astronomy. , , . ^ - „ 

What have other observers said about music and mathematics? Listen to 
T T Sylvester, the brilliant, poetic, temperamental British mathematician of 
L m^ nineteimh century who contributed so much to the theory of invariants 
nd matric"^ -^^^^^^ is the music of Reason. The musician M^^^^^^^^^ 
matic., the mathematician thinks Music". Or again, opim^^ 
more the physicist than the mathematician: "Mathematics and Music, the most 
Sly com asted fields of scientific activity, are yet so related as to revea the 
S 'connection binding together all the activities of our mind ^ 
the pen of Havelock Ellis, the celebrated author of the 
txTrc^tive interpreter of civilization and culture: "It is not surprising that the 

^S^maS. m'aticians have again and -8^'^ PJ^llfV'^''? iL^he r^cS 
find Sme analogy to their own work. They have indeed found it the mo^^ 
varit^rrts in pStry. in painting, and in sculpmre. although it would certainly 
t^TiJ isTn riiusic.'^he m'ost abstract of all the arts, the art of number 
and of time, that we find the closest analogy. 




The Two Most Original Crofttlons 
of tbe Buman Spirit 

EUkiER B. MODE 

"The science of Pure Marhematia. in io modem development*, may claim to 
be the most original creation of the human spirit. Another claimant for this posi- 

tuM u mu«c ^ ^ Whitehead, Scknct *»d tbt Modtm World. 

1. Introduction. In the quotation given above a great Anglo-American 
philosopher Cll characterized two distinct fields of human interest, one a 
Se^, Ae other an art. The arts and the sciences, however, are not mut..a>\y 
exclusive. Art has often borrowed from science in its attempts «> ' ^ 
problems and to pcrfea its achievements. Science in its higher forms has many 
of the attributes of an art. Vivid aesthetic feelings aic not at all °;^«S« 
work of the scientist. The laie Professor George Birkhoff. in fact, wrote as 

follows: . . , , . 

"A system of laws may be beautiful, or a madiemaacal P^oo^f^V ^ 
elesant. although no auditory or visual experience is directly involved in eitfier 
oSni^wouldLm indeed diat all feeling of desirability which is more than 
mere appetite has some claim to be regarded as aerthetic feelmg. U) 

Serge Koussevitzky, nwed conductor, has stated also that "there exists a 
profound unity between science and art." C31 . 

It is not, however, the purpose of this paper, to discuss the felauonships 
between the sciences and the arts, but rather ki enumerate some of ^^e l«^r 
known attributes which music and mathematics have m common. There is no 
attempt to establish a thesis. 

2 Number and Pitch. The study of mathematics usually begins with 
the na'tural numbers or positive integers. Their symboUc representation has 
E^n^vely accompliS by means of a radix or sca^e of ten th^ Prmciple 
of place-value where the position of a digit mdicates the power of ten to be 
muW^ed by it, and a reJTThe concept of number is most lusic in mathe- 
ma il We LnAot directly sense number. A cardinal number, ^^-h ^ five^ « 
an abstraction which comes to us from many concrete instances each of wh^ch 
Assesses other attributes not even remotely connected with the one upon wh ch 
i^^rest b fixed. Such widely differing groui« as the fingers of the hand, the 
o1^ pentagon, the ami of a starfish, and the Dionne quintuplets, a^ 
T^Z^ S^'fiv^" the property which enables each group to be matched 
or S^to one-toone correspondence with the other. The es«tbhshment of 
such equivalence requires no knowledge of mathematia. only good eycsigh . 

th Aese facts in mind we may state a ckfinition familiar to nv^^em^'^am 
Tbe (cardirud) number of ^ group of objects is the mvmant property of the 
group and all other groups which can be matched mth it. 

The positive integers constimtc, however, but a small portion of the 
numbers ofmathematics. The former mark off natural intervals in the con- 
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Hon. and the rest, which denotes Son tCT' 

may emit it. the rl.rin-T^ j *« ""'"n string 

sound may be Slv dSerenf^i^K" ""^ 

sound theJe remaiTol'TS^r'.^SS';' rnS'^TH*'^ dUIere«es of 

I'r^t^r^io'^xrSS^-^^^ 

mcnt of pit?h SLt ""^^ experiences. The estsiblish- 

^ pitch equivalence does not require a knowledge of music, only a k^n 

dnuuTo^f^rh^'^cht^^^ " in ^con. 

scale is, in ceneral readilv inU3 k ^'^J^^^p'^ between two tones of the 

ter of faa "ton«^^o!ST ? ^ ^'^"'"S tones. As a mat- 

psycholScalTdd^T^^ be such. As 

in a physical medium. be identified only as vibrations 

musiclTnr;iaf>^^^^^^ ^^^^.f'^ ^^"^^ °' ^ 

note is a neceLv. P^^*^ » 

story of the dS^ SnV^C ^ 
pupa, sprang Senirfmi ^ • after accompanying his none-too-apt 

SaS, ^^^^ it4rbffio^sT'' 

smg m the cracks," ^ ^ "°^» but you 

They ™ I'S^^n^e*^'," Z'TJ^.T ""T' <" 
forle precise SeS ^fttofAenSf ^ 

be nonexistent. The most imM™T. ,^,t f*™ 

cxcepnon.inu„i,^ra3Xcrv&t.,r^^^^ 

n.«c,j..»u.t^.dea.i.difficultifno.rS*rd,ott£^^ 

page ^tei^^XtintS "L* S'"'^ ^ 
are very few fields of activity ^Sd, i^f. " *' "amitiated. There 
music which have Vti^ ^^„f- T^"" (including logic) and 
Chemistry and pten^^T^TZtp^" 
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In both music and mathematics preliminary wunmg myolves the acqmr- 
ing of technique. Mathematics demands such facile °^P^»°°" ff^^^f 
that the detailed operations become mechanical. We are encouraged to elimi- 
nate the necessity for elementary thinking as much as P^*^^^^' J ^= 
mcntal logic is made plain. This dears the way for more complicated processes 

of reasoning. • , 

"It is a profoundly erroneous truism, repeated by all copybooks and by 
eminent people when they are making speeches, that we should cultivatp the 
habit of thinking of what we are doing. The precise opposite is the case. 
Qvilization advances by extending the number of important operations which 
we can perform without thinking about them." C4] 

In music also, the preliminary training involves a learning of m:hnique. 
The aim here is to be able to read, or to write, or to translate into the appro- 
priate physical actions, notes and combinations of them with such mechanical 
perfection that the mind is free for the creation r.nd the interpretation of more 
profound musical ideas. ^ 

4 Logical Structure. The framework of a mathematical science is well 
known We selea a class of objects and a set of relations concerning them. 
Some of these relations are assumed and others are deduced. In other words, 
from our axioms and postulates we deduce theorems embracing important 
properties of the objects involved. ^ , ^ . ■ „f 

Music likewise has its logical structure. The class of objects consists of 
such musical elements as tones, intervals, progressions, and rests and various 
relations among these elements. In fact, the strucmre of music has been formally 
described as a set of postulates according to the customary procedure ot mathe- 
matical logic. [5] . , , J. u ^^-.r^^r 
In mau matics a development is carried forward according to the axioms 
or postulates. If these are obeyed the results are correct, in the mathematical 
scnsTalthough they may not be interesting or useful. Mere obedience to law 
docs not create an original piece of mathematical work. This requires techmcal 
skill, imagination, and usually a definite objective. 

Music also has its axioms or laws. These may be as simple as the most 
obvious things in elementary mathematics - the whole equals the sum of all 
its parts - if we are counting beats in a measure; they may be less obvious to 
the layman, such as the canons of harmony or the structural laws of a classical 
symphony. Here again we may follow the laws of music scrupulously without 
«icr creating a worth-while bit of original music. Technical skill, unagination, 
the fortunate mood, and usually a definite objective are r«iuu;tes for the crea- 
tion of a composition which not only exhibits obedience to musical lav s but 
expresses significam ideas also. Occasionally the musician becomes bold and 
violates the traditional musical axioms so that the resulting effects may at first 
sound strange or unpleasant. These may become as useful, provoking, and en- 
joyable, as a non-Euclidean geometry or a non-Aristotelian logic. In such man- 
ner did Wagner, Debussy. Stravinsky, and others extend the bounds of musical 
thought. In mathematics as well as in music one may have to become accus- 
tomed to novel developments before one learns to like them. 

5 
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order without logical S^oV^jTroS"" ? P™«^ '"S*"! 
tions flows 5wifti^ and mSS?v mIL^IJJk? *' T'" "P*"" 
structure gives , Lse oTSic^n iJT^ ""thematioU 
««rizes open^.tefe,^^^']^. --'33'^^^ S""ivan char- 
"wAawIy, in iis ominous and a^^o!, ™ Symphony as one which "im. 
state of Lpeaance. ^^«Z "^r^t^7l " ""^ 

a cenain class, can logically foHow °i '"P'*"'''*', "^''-Si-W » 

phrase of the prelude to Tr^T'J ? , J"" ««« « true of the opening 
masterpiece. " ">y really great endiin| 

Instead of the ^mmZ^^'c^^'^'^:^'" Vincent d'lndp^ 
variations, "the seven v:rZ: "™".T *™« -th its subsequent 

tarion to the final ^Ug^ofZ^S^ "'r'^" *^°«^P^«^ °"^en- 

Boston musical critic ^^^.l. Jr L"!r"' ^P^''^'.^' P*"lip Hale, the eminent 
Bulletin of April 23, 1937 ""'"""ns anecdote in the Boston Symphony 

te« 'P™ fet^p'S:; SS'r'hT'- ^-^J" '^0' 

the study of music would teach iS^'r,^ ^ , 

™nt logic plays as great a^t af ^ T' '''"'Phonic deveio * 

full of musical truA, J^^JZ^^'-V" « » »P«'« "f axio^ 
«H.nds as the S»metr cian wJh^^d ^Ti^ ^ '^'^ «"> 

master went on ,0 rem^k * «St^lJ 

has reversed the customan. proST „ h°f T*^'' ^ ^'^'^f- 

herein and appears only at the'^^Se^ ite S' V '^ J*" ? '"PP") "P 
discovered and formulated.' The smS„ a u » W 

a musical work - 'an inSoive syS^^^™ ''"PP>' ''^S""'™ o-ch 

a.Jre^Petttt"':?^^^^^^^ 

rcLt:c:™.^rmarmatate^^^^ 

but only how it behaved" [7^ ""^^ « ^ing is. 

How true this is of music' A fh-™,- ^£ 
sn^all interval of s^^e or 6^1X-:^X'J iZTl ^ ^^^^ ^ 
of meaning. Music is not fundamental^ ToncS ! v»f 'f'"^^^^^*^ 
s^ac physical objects, but with thr^p^^^^^ description of 

Debussy's "La Mer" is a fir« exampHf ^"^'"^ ^P^- 
is often not in the physical mTbut in hS T 
One of the sources ^f ^he grS^^ of"m wSf"T^ ^ ^« 
ponraymg Wly the convicting aspects of It":^: r:J;!:'l\T:JZ 

The meaning of musical motive gtows with smAx, u • 
or developed and from it are derived nrTguToft^iS ex^T^ 



theme acmands more than the casual hearing before its deep significance is 
SUrapP^ciatcd. It is often worked up from an entireiy insignificant 
^fve^'i n'Lthoven-s Fifth Symphony or in Mozart's G minor symphony 
Tn mathematics a basic formula or equation may have implications wh. h can 
Lerstood only after much smdy. It may appear to be almost mvial as n 
of ^ + ^ + or it may be less obvious and more elegant as in 
the case of Liplace*s equation, 
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Music consists of abstraaions. and at its best gives expression to concepts 
which "present the most universal features of life. B-thoven s mus. ex^^^^^^ 
powerfully the great aspirations, struggles, joys, and tragedi^ of human ex^t 
^^e The Eroica symphony may have been composed with Napoleon in mind 
but it Portrays far'more than the career of a single man. It is a PO^^y-^oi 
the heroic in man and as such is universal in its application. It is well known 
that a musical passage or composition may produce different respons^ ^ong 
people. The possibility of varying interpretation constitues one of the sources 
Kmics uniieness'and a reason for its power. It is an evidence o^^i^ um- 
versality. Herein lies a fundamental difference between music and P^nnng or 
LiptuTe. The effect of a musical episode is due to its wide P«'«""^^ 
applicability; the effect of a painting or piece of sculpture is due toits con- 
creteness. Attempts at abstract representations by painters have l^n gen- 
erXsuccc^ful; attempts at stark realism in music have likewise failed. Music 
.« most abstract form, as for example Bach's or Mozart's, often defies ap- 
plication to the concrete. It seems to be above mundane things, in the realm ot 

^"S^Tilwith mathematics. Our conclusions are always abstract, and universal 
in their application, although they may have originated from ^JPfj^^ P^^^ 
lem The possibilities of interpretation and application of a given theorem or 
formula arTunlimited. Poincarc is reported to have said that even the same 
mathematical theorem has not the same meaning for two different mathema- 
ticians What differing reactions may ensue when Laplace s equation is set up 
before an audience of mathematicians! What differing degrees of abstracmcss 
are suggested by the two equations previously written! 

6 The Creative Process. "It is worth noting . . . that it is only in mathe- 
matics and music that we have the creative infant prodigy; . . . the boy mathe- 
matician or musician, unlike other artists, is not utilizing a store of impressions, 
emotional or other, drawn from experience or learning; he is utilizing inner 
resources. ..." {8} . • i i 

Statemens of this type have led many to believe that mathematiral talent 
and musical talent have more than an accidental relation. Some feel that 
mathematicians are more namraliy drawn to music than musicians are to 
mathematics. As far as the writer has been able to ascertain, no serious investi- 
cations on the relation between the two talents have been published A brief 
study of exceptionally gifted children yields no testimony that the child prodigy 
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mony on this subieo. l^TnZ^L T^"^ " """''fc teti- 

Newman feb dut tl^MemS-f .^r™" ™' " 

rejpect. Wagner's lettcrThow^r "! » 

i-tea wtfc thr.^u]tor^ „«S^-,!!rr ■""■y of his musical 

id^ long hidden t, Lis c^°^ ^'^.'°!" <''Pf!« «>in<l of 
w« of^n displace, by ^ -^M!^ ,I^rjrc^,t7^- 

rela«d e^perienos of PoSar^ HeL^„ °^ mathematician draws on 
the origin of dTe insoiration n^^jj • u'"-.^"^' ""^ o*=" to discuss 
or initiStts an origtaS w«k V r^fe ^' 'u""''"'"^ """P'"". 

cernible in the su£ra*^ oS^ t™L T "f ""^ """"^ 

after a period of unsuspeoS HlTri™^?^!' "'.fL""^*"- f'"^ discernible 
cannot affirm, of coaSTAat ""'""^ '""'o«">«ic Krms. One 

are confined »lely tSI^'usVc an^ " T"™"« """^ P«*ess 

- voiced b, .wo';,;°r Sh^in™ "r.;^"fi:i/ '---^ 

- w'H^rtl^:^ ^i^^iTaTiaTT^^^ ''^ ^''^ '"«"->^ ™"nt 
of B.«hove„. or cf^LI^ *"ymphonies 
sion. as well as oppoS« far ? "d disais- 
ideas to "work o^^SS"" t d«eS Sfr-L^'' ^ 
artifices of music, the obiJt-^^^l^^ ^ ??f'*«' ''^ forms and 
appreciarive listewr * significance felt by the 

vealed. If thL are »i^i"ffndTSH«do1eS";^^^^^^ - 
and a sense of completeness which hrinS^tilii f^, ^^^"'^ ^ "n^ty 
both author and rkdS ^ mteliectuaJ and aesthetic satisfaction Z 

^id^, ^^^"'^s'fc^':^^^^^ — - be a for. 

of a living, breathingTu^b^y'^t^^'i^^^^ ^ skeleton than that 

ahstraa character and from thB^Jn^^IT i?V ■ °^ ^^"^^^ ^fom its 

concepts, terse mc^Sl^' o7 e^rto^tf itl'l^ ^^^^ ^^"-^ 
sense, mathematics ladcsrich^Tbv'ri^lf/ "^"".^^ ^P'''"^""- ^" ^ 
impurities which impan i^^d color Tf.^ '"' """"" ^^o^e 
of concrete exampl^ll^^n^^'?^ ^^"^ T"'^""' "^"^ ^ ^" ^ "«^re 
mathemadcs. Thejmay r^^^ri^l^ fi^^ds other than 

aevelopmen.Il7ma/mXTtoJ^^^ 
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tore which constitutes mathematics. But if we subtraa i;^^^^^^^ 
mathematics we add also to its purity, for in mathematics the structure or torm 
TtlT^^nln. than ,ts ap^l Jions. We may apply the -h^^^^^^^^ 
many problems associated with human existence, but these apphcaaons are 
not essential parts of pure mathematics, they Ue apart from it. 

••In music the flavor of beauty is purest, but because it is Purest it is al^ 
least r ch A melody is a pure form. Its content is its form and its form is 
rcontem.' A Inge in'one means a change in other. We can, course, force 
an external content'upon it, read into it stories or P^-^^^^'l^J' " 
we know that they are extraneous and not inherent in the music. Ill J 

In a different sense mathematics is over-rich for its fields are unlimited m 

extent and fertility. , 

••But no one can traverse the realm of the mulnple fields of ^^^^^ " 
Mathematics and not realize that it deals with a world of its 
wh chThere are strangely beautiful flowers, unlike anything to be found in the 
wo S of externa I cntticl intricate structures with a life of their own. differem 
Trom anythlg in the realm of natural science, even new^ and f^«n-"nS hws 
of Lk methods of drawing conclusions more powerful than those we depend 
upoT inTideal categories very widely differem from those we cherish 

most." [12} 1 -1 u • 

One needs here but to change a few words in order to describe the unique 
and lovely creations of music. The melodies and harmonies of music are its own 
tnveS They are often mysteriously beautiful, incapable o description by 
Ther means and without counterpart elsewhere in the world about us. A 
mus" position may be of the utmost simplicity or of the mo™ 
character, yerit may "well-nigh express the inexpressible It is exaaly this 
aS to convey the "inexpr^ible" ideas that give mathemaucs and music 
much in commun. The mathematics student who seeks always a "^^anrng or 
picture of each new proposition often fails to appreciate the power of that 
which defies representation. , , i . 

8 Conclusion. There is much of interest to those who love both music 
and mathematics, and much has been written by mathematicians on the l^r- 
ini« of one field on the other. Archibald has written dehghthilly of some of 
hdr human aspects as well as the sciemific. Birkhoff ^^^^^^^f^'^'^^'^ 
tion of musical aesthetics by quantitative methods. Miller ^"d othe« have 
brought the instruments of physics to bear upon the problems of musical tone 
and acoustics. , , 

Success in music and in mathematics also depend upon very "»"^h the 
same things - fine technical equipment, unerring precision, and abundam 
^giS a keen sense of values, and. above all. a love for truth and beauty. 



* * 



9 

ERIC 



R&ERBNCES 

2. BlllCHOFr,G.D,A«*.,««,„„..anl„Mge, 1933 p 209 

Vol 39, 

« ^''^•";^^'^^^'^*^^«^^^'.C:««bridge. 1930. pp. 151. 152. 
o. ace o, p. 168. 

9. NBWU^.^MM.ndM^U.S^yr^ (London), Jul, 8, 1956 

1 1. ScHOBN,M,^,,«rf W,,Ntw Yotlc 1932,pp. 190-192. 

12. Shaw, J. a, c«„,, p„po!e. CeaivU,, Monist, VoL 33, 1923, p 355. 



10 



Matbematics of Music 



AU R. AMIR-MOEZ 

Though music may seem far removed from what many think are the cold 
logical aspects of mathematics, nevertheless, music, with its emotional appeal, 
has a mathematical foundation. The following article will show how highly 
mathematical are the sounds, the scales and the keys (the parts, so to speak) 
of music. 

1. Harmonics of a Sound: When a sound is made, for example, by 
striking a string of a musical instrument, each particle of air next to the source 
of the sound vibrates. We shall call the number of vibrations of that particle 
of air in one second the number of vibrations of the sound. The larger this 
number is, the higher the pitch of the sound becomes. 

Suppose a sound is called C, and its number of vibrations is c. That is, if, 
for example, the sound C, and its number of vibrations is c. That is. for ex- 
ample, the sound C makes a particle of air vibrate five hundred times m one 
second, we say c=500. It was discovered by Greek mathematicians that if after 
the sound C is heard we make another sound S whose number of vibrations is 
twice the number of vibrations of C, i.e., 2c, then S will be pleasant to hear. 
As far as the history of mathematics shows, this idea is due to Pythagoras. The 
sound T with three times as many vibrations, i.e., with 3c vibrations, is also 
pleasant to hear after C. This fact is true for sounds with vibrations c, 2c, 3c, 4c, 
5c, etc. Usually, if we play these sounds successively in some order with a certain 
rhythm, we call it a melody. If we play a few of these sounds together, we call 
it harmony. 

We shall call the sounds with vibrations 2c, 3c, 4c, etc. harmonics of C. 

2. A Primitive Scale: In the work of Omar Khayyani*, it is mentioned 
that the study of the ratios of integers is essentia! for the science of music. That 
was the only mathematics used in the Greek theory of music. To explain the 
idea, we start with the sound C and we suppose that C, is the name of the sound 
with 2c vibrations. Let us call G, the sound whose number of vibrations is 3c. 
(We shall explain why we have chosen these names. ) If a sound with twice as 
many vibrations is a harmonic of a given sound, it is reasonable to believe that 
the sound G with one-half as many vibrations as G, is a harmonic of C. Thus 
we can say that the sounds C, G, and C, are harmonic of one another, and their 
vibrations are, respectively, c, " ^, and 2c. We can compare these sounds and 
their vibrations by construaing the following table. 



Sound 


C 


G 


C, 


c 


1 


3 

2 


2 



•Omw Khamni, "DUctiiiion of Difficuhia in Euclid." Scripfs Mstinmaks V. 24. pp. 275 - 303 
(1959). 

n 



The first line of the cable shows the name of each sound, and the second 
hne shows the corresponding number of vibrations. For exam^irunderTwe 
see which means that G has " vibrations in a second. 

The names chosen here are actually those chosen in the scale If C is the 
scxaiicd c which is usually called the oaave of C 

In this scale we have only three sounds. If we play Q G. and octave of C 

the fif;h?njr"'^* ^u ' ^^^"^"^ 2 further. We take 

fifth and seventh harmonics of C. i.e., the sounds whose numbers of vibra- 
tions are 5c and 7c. We call these sou^ids, respectively. E. hhTk, We^Iu 
explain the choice of the subscripts shortly. LetTcom'^ar^ these iu^s Shh 

of 'I'Jnr fr' '"^ °^ Note *at 2c is the numlS 

of vibrations of C., and 4c is the number of vibrations of C. Thus if E is a 
sound with half ^ many vibrations as E.. then we see that is ^^^1^ of 
tiotLT- If''- "k' ^'"^^ ^ ^' whose numl^rTtlLa 

::rr:rder cIZkXt^^^^^^ ^" 

2<|<2<4. 

Since these sounds are all harmonics of C, the sounds E and K. which have 
wLn .'"^"y/'b/^t'ons as E. and K,. respectively, i.e., " ^ and are also 
harmonics of C As in section 2. we can make a table as follows- 



Sound 


C 


E 


G 


K 


C, 


c 


I 


5 
4 


3 
2 


7 
4 


2 



These five sounds together approximately constitute the oriental scale 

4. Middle-East Scale: If we proceed with what was done in section 3 
we get more sounds m the scale. Since the sounds with vibrations 2c, 4c. Sc. I6c' 

paniailar. let us call D, the sound with 9c vibrations. We also choose H," 
and B. with vibrations, respectively. lie. 13c. and 15c. As before, we may 
choose D... P,. H and B., with vibrations and reip^ivelv 

Then we choose D.P.H, and B with vibrations "'V"-> and -^'^ 
avely. We shall construa a table as before " " 



respec- 



Sound 


C 


D 


E 


P 


G 


H 


K 


B 


C, 


c 


1 


9 
8 


5 
4 


11 
8 


3 
2 


8 


J 
4 


15 
8 


2 



A scale may be made out of these sounds with eight names in the scale 
instead of seven. Before we discuss this set of sounds, we make a mbie tSn« 
the theoretical (physical ) sounds of die scale. ^ 
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Sound 


C 


D 


E 


F 


0 


A 


B 


c. 


c 


1 


9 
8 


4 


4 

3 


3 
2 


5 

3 


IS 
S 


2 



If wc compare P and F, we sec that that the ratio of the nvimber of 

vibrations of P to the number of vibrations of F denoted by 

JL-.il 4 _ 33 
F ~ 8 ' 3 32 

This shows that P is sharper than F. This is where the middle-east music is 
different from the physical scale. The sound H with vibrations is not used 
in the middle-east music. Thus, C D. E, P, G, K, B. C, approximately con- 
stitute the sounds of the middle-east scale. We see that 

JC 7_ S _ 21 

A ~ 4 = 3 20 

Therefore, K is also sharper than A. 

5 Tones and half-tones: If we study the physical scale, we observe that 
D 9 E 10 F _16 Q._9_ A ^ .1 0 B_ ^ _9. £l = i| 
C =T' D=T- E -IS' F ~ 8' G 9' A 8' B 15 

This suggests the idea of small and large intervals or tones and half-tones. We 

shall write this as follows: 



Sound 


C D 


E 


F G A 


B C 


Tone 


! . 1 

1 1 — 


, i 1 

1 


! i i 
i 1 ! 1 1 

t 1 * 
_J 1 1— 


. ii 1 



The above table indicates which interval is a tone and which is a half-tone. 
For example, between E and F is a half-tone. But, we really should say large 
and small intervals. 

6 Geometric Progression: An ordered set of numbers is called a 
geometric progression when the ratio of each one to its predecessor is always 

the same. For example, the set 

5. 10, 20, 40. 80 

is a geometric progression. The ratio is 2. that is, the ratio of each number to 
the one before it is two. Indeed, we can produce as many members of this set 
as we desire. 

If one member of a set and the ratio are given, we can always produce 
as many members as needed. For example, if Vi is a member of the progression 
and the ratio is VI, then we can write some of the members of this progression, 
suchas L ^-iVl)(Vl)r.l-^^^X(Vj').,.. 

7 Geometric Means: For two numbers, the geometric mean of them 
is the square root of the product of them. This is a sort of average, similar to 
one-half of the sum, which is called the arithmetic mean. As for the arithmenc 
average of a few numbers, we add them and divide the sum by the number ot 
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m«n of ' "l""! " the number of them. For e«mple, the geometric 



5. 7. 2, 6 



IS 



of their ^u^teTofwto ■i.r rXr"r^ T 

biations, in order to He ^n ' ! ^" 'H* Afetence of the number of vi- 

we need to tSe thf-^Lri" 1"'? / ""T^ ff/*" " 

number of WbrarioiH *e "^ds 1^1" '"i'-""" f "^'^ 

progression which V ^1 ^^t ^t'jf"" 'Sf " 

sc^le can be shown in the Mow'^^^",^^ ^ " Th"s Ae modern 




^dTfin-^^-hron-X^;^.-^^^^^^^^ - -e . tone: 

~ » f - - old Greet scale; 
modulation from one ^ » anothfrbJ^eTex^Ifel,'^'""' 

monic of C "^rc 'tom"^ */ "^'l^' *ird har- 

of the scaT; a^d bei^ Z ™f t " 2"' ™" ^ « """i "'^ •'o"-'-"'' 

mathemaricallMnSernt^fc """^ fact 



But, in the natural scale 



g = (« VI)' = 1.498 



G 3 , _ 
C=2 = '-^ 



one tone. * " ° «nd *e other intervals are all 

One J1':X'Z gTs *e°thTrtL'^" .h- l^en chosen for two reasons. 
^ . Wgher pitcrN^'tS XtTc ^'i^^s^^^ti " '^^ 
change the scale. The table of Z LZ Sis key W 
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^0 



Souod 


O 


A 


B 


c, 




E. 


F.# 


G. 


c 








2 






(-v^r 1 





We observe that in order to have the interval between ^« ^/^^ 
eighth. subtonic and tonic, a half tone we have to use F.# (F. sharp) 
with vibrations ("'V5) instead of F, with i -V2) . , . 

W we choie the fifth note of this scale as the first of a new scale, we get 
the kev of D major. This key needs two sharps. , ■ t, . 

The tMder n.«y try d>ii idea and work out tables for several ma,or keys 

'"'''''^:T:!rp^^t^ mai.. keys with higher pitch, it is also possible 

""'^^t fc^t atXafe in seaion 8 and consider a scale for which 



Sound 


F. 


G. 


A. 




c 


D 


E 


F 


c 


C"V1)' 








1 


("VI)* 


("VI)' 





Here we have to use B,.b, i.e., B flat, in order to have the interval between the 
third and fourth notes be a half-tone. . 

If we proceed in this way, each lower key has an extra flat. We leave it 
to the reTderTproduce many major keys and write tables for the corresponding 

""^"io Minor Keys: To imitate the crying sound of middle-east music 
minor kevs seem to be proper. Most older pieces written in mmor keys avoid 
The ve.^ br^" terv^ foUrwed by a half-tone, but we find this combination 

''''°Z^yL^:::S'^o. keys have been considered. We shall describe only 

%tTZ ITwiXinstead of going to the thi^ ^^r.^^^ 
may go to the fifth harmonic of C. But, this key is not the ^"^P/^^'"'"^ ^^f^ 
ThL we move down to A. whose fifth harmonic is approximately C. The table 



Sound 


A. 




c 


D 


£ 


F 


G# 


A 


c 


("VI)' 


("Vl)' 


I 


("VI)' 


("V2)* 


("VI)' ' 


("V2)' 


("V2)' 



As the physical scale shows, it is desirable to have a half-tone ^etw^n 
the subtonic and the tonic of a scale. This brings Git into the scale. As we see, 
the interval between F and G# is one and a half tones. 

Other minor keys are obtained from this in a manner similar to that by 
which^hrmajor keyJare obtained from C major. We leave it to the reader to 

"^"^ h'^o'Hid be very interesting for one to compare his knowledge of music 
with what has been said here. 
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Numbers and the Masie of the East and West 

ALI R. AMIR-MOEZ 

Let C be a sound whose number of vibrations is c. Having heard C any 

sound with number of vibrations equal xokc,k=U2 is pleasant to he;^. 

These sounds are called the harmonics of C. If we play a few of these sounds 
successively with some rhythm, a pleasant melody is made. If we play a few 
of these sounds together, a rich sound comes out and it is called harmony. A 
sound C with vibrations 2c is called the octave of C. 

Ut us consider two octaves of C. say C and C\ and construct the follow- 
ing table. 



^und 


C 


C 


C 


G' 


C" 


c 


1 


3 
2 


2 


3 


4 



As shown in the table let G' be the third harmonic of C. Since the sound 
G' with Ic vibrations is pleasant to be heard with C, it is reasonable to think 
that G with half as many vibrations, i. e., -c, would also make harmony with 
C. In fact this sound is called the dominant of the scale. This way we obtain 
only three sounds in the scale. Now in order to get more sounds in the s<^e 
let us consider three octaves of C say C\ C\ and C"', Let us construct the fol- 



Sound 


C 


£ 


G 


K 


C 




C 


K' 


C" 


£" 


G" 


K" 


C" 


c 


I 


5 
4 


3 
2 


7 
4 


2 


5 
2 


3 


7 
2 


4 


5 


6 


7 


8 



As shown in the table the 5th harmonic of C is called E". Again it is 
conceivable that since £" is a harmonic of C, also £' with vibrations -c, and E 
with vibrations ~c will be harmonic with C A similar process can be used for 
the 7th harmonic of C, called K'\ and K\ K could be found accordingly. This 
sound AC is missing in the physical scale. If we consider only these five sounds, 
the scale will be as follows: 



Sound 


C 


E 


G 


K 


C 


c 


1 


5 


3 


7 


2 




4 


2 


4 





An approximation of these sounds appears frequently in the music of the 
Far East. 

Now let us consider four oaaves of C, say C\ C", C"\ and C\ In order to 
act more sounds in the scale, we construct the following table by considering 
rite harmonics of orders 9, 10, 11, 12, 13, 14. and 15 of C, and putting tones 
with — of these frequencies in the scale. 
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Sound 


C 


D 


£ 


P 


G 


H 


IC 


0 


C 


C" 




/)'" 




P"' 












c 


I 


9 
8 


5 
4 


It 
8 


3 
2 


13 
8 


7 
4 


15 

1 


2 


4 


8 


9 


10 


li 


12 


13 


14 


IS 


16 



Now tbcorwiaUly speaking the sounds of the scale stand as follows: 



Sound 


C 




B 


F 


G 


A 


5 


C 


c 


1 


9 

8 


5 
4 


4 

3 


3 
2 


5 
3 


IS 
8 


2 



Comparing this table with the previous one we see that 

P F= ll.iL>. 33. 
8 ■ 3 ~ 32 ' 

'h^lL^ "^"^ ^: ^« ^ opinion that half of a 

£t^,S ^« « « «>o flat to 

of sI:^^VnZ^^ of tI'' "P^T"^ ^" « School 

mnn?^^ ^ Teheran, made it certain that H, i. e., the 13th har- 

4 3 20 

shows that K is sharper than A. 

Now if we look at the intervals in the theoretical scale we see that 



^ = ^,B:A =r |.andC.vff= 11. 
y 8 15" 



'f''' °^ ^ ^"'^ ^y's music. Looking 

? t S^siale d1 irif "^'^ ^PP-^^^^y ^2 half ton'es be^c^n C anf 
.1.1 Zl - ^ «l«ai intervals, i.e.. we have to hav*. 

Che geometric mean of half tone in«^^^^^ Qearly the p Juct oHn"^^^^ 



-i^ = 2. 



8 9 15 8 9 8 15 

T^fore the geometric mean, considering 12 half tones, will be "V7 We can 

Let us compute the ratio of the dominant and the tonique i c G C 
aearly G « the 8th term of the progression and its ^^n^ ^n t 
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(««V5)^ sm 1.498 which is a little more flat than | = 1.5. ThU is the place 

that in violin is always corrected. The advantage of the modern scale is that 

modulation from one key to another is very convenient. In faa musicians say: 
"If the sensitive ear of a musician docs not distinguish these slight diflFerencc* of 
soumis, the matlwrnuticiahs car of course wwildn't distinguish them either." 
But the musician's car has been trained to appreciate the sounds of prac- 

ticai scale. However any simple melody of this sort sounds harsh to a Persian 

tribesman. 
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Sebastian and the Wolf 

THEODORE C. RIDOUT 

This is not another parody on Little Red Ridinghood. It is rather a tale 
of how a musician battled a "wolf," and how a schoolteacher fought the same 
fight in the classroom. 

The "wolf" we are interested in is a beast that plagued the makers of 
musical instruments for many cenmries. Although many attacked him with 
vigor, and Johann Sebastian Bach laid him fairly low. the ghost of the critter 
still haunts our concert halls and keeps turning up in the physics laboratory. 
Since he has a mathematical origin, it seems fitting that we should discuss hun 
in these pages. 

The problem is something like this. You tune your violin by fifths, ad- 
justing string tension until you hear a perfca fifth when two strings are 
sounded together. The fifth is a basic unit in musical tuning. 

But so, also, is the octave. Take a very simple one-stringed instrument, 
Pythagoras' monochord. Every time we quadruple the tension on the string we 
double the rate of vibration, and the tone goes up an octave. Starang at a 
single vibration per second, the process of doubling the frequency of vibration 
takes us up in geometric progression to frequencies of 2, 4, 8, 16, . • • ifn^** 
reach 256 where we pause for breath and call the tone "middle C If we 
double agiin we get "upper C," at a frequency of 512 per second, and so on, 
until the pitch is too high for even your dog to hear. 

According to the laws of physics, if C has a frequency of 256, the perfect 
fifth above it, G, will have a frequency of 256 X 1.5, which is 384 Here C:G 
= 11 15 or 4:6. Moreover the triad (or chord) C-E-G sounds best if the 
frequencies of these notes have the exact ratio 4:5:6. These combinations arc 
pleasing to the ear because the harmonics, or overtones, as well as the funda- 
mental to;ies, combine with a minimum of conflicts or undesirable beats. 
Filling in. we have the following notes and their relative frequencies: 

This is known as a pure scale, and its tones have exart harmonic relations to 
the keynote. Music played on an instrument so tuned sounds rich and ethereally 
beautiful. 

So much for theory. I will now retire to my workshop and construa a 
piano. Starting at a very low C (about 32 vibrations per second) I go up bv 
perfect fifths along the musical alphabet. The noos will be C G, D, A, E. B, T 
&, Gt, Eb. Bb. F, and C From bottom C to top C is just seven octaves. This 
looks like the beginning and the end of a complete and perfect keyboard, and 
I flatter myself I can fill in the other notes in proper ratios to make a shining 
row of ivories. But first I had bener check my fifths. 

Going up from C to G, I increased my frequency by the correa factor, 
1,5. From G up to D. I again multiplied by 1.5. In all, I multiplied twelve 
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diffeiwicr of iU»ut a quarter of a semim«c be«.«D them Whkr „ 5^ " " ' 

*e n«,ve fifth, a,j,und the drontlS?r*'^'„''J .Toyc^ cTo^f 
odock, arul so on. Inaead of the fifths being tuned it. the «rr^ T , * 

rhJn.li Tlf''''^ composition involving this overgrown interval would be anv- 
A ng but harmonious, and might even howl like t wolf in the for«t herce Sie 
interval came to be known as the amnte-de4ouh or IfVrT ff . 
only in certain keys that did not r^M^ l^f ^"^^ ^'^^ 
Mathematicians of course came to the r«ni#» U.,* j 

an B,,«U^ tmung m which all semitones hould go up in the^do of 
or .05946 tunes the note below. This divides the error ex^Iv h^-.„ 

fifths c«n begm and end on exactly the san: tones as a «f of s^en oTj™ 
S. t:^=-J^::;-:-' " -«Htl, in,.rfec"br;^ 

Sebastian Bach, who proposed equal temperament for all keyS^nC^ 
and p^ed to tune his clavichord Sd harpsichord ^c^^^^^^^^ 
thus able to play m any one of the tweleve pos^ble keys, and codd moduktt 
from one key to another without encounteringlny wolv«. 

To demonstrate the system he composed a series of twcntv-four t^rtluA^ 
li"^' °^ ^" ^^^^^ ^^y^- This was in m2 He fat « 

^T^V^ ^" P'^^ the utie"4he Wen- 

Tempered Clavichord." The term "well-tempered" of course refers ^ S 
temperament. It is generally agreed that this work was^iefly ?esS)iSb^ 
for the present universal use of equal temperament. ^ responsible 

It was many generations beiote the mean-tone scale was abandoned in 
sL%rZ compositions aL written oni7!n7he 

^ ,K^^ "i^.?"* Class was naturally interested in all this. Plainly '-^VI rais«i 
to the twelfth power is 2. so that twelve semi-tones will fit perfectly InS^ 
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octave, forming a continuous chromatic scale. We checked the value of the 
radical on a slide rule. The physics department demonstrated a sound disk for 
us, proving to all the neighborhood that the frequencies under discussion pro- 
duced a musical scale. The disk contained 8 rows of holes, correspondmg to the 
notes of the scale, as follows: C ( 24 holes ) , D ( 27 ) . E ( 30 ) , F ( 32 ) , G ( 36 ) , 
A (40), B (45), C (48). When spun by an electric motor and played upon 
with a jet of compressed air, such a disk gives off "musical" tones approach- 
ing the power of a steam calliope, and in the exact harmonic ratios of the pure 
scale. 

My students wrote papers on such topics as the clavichord, pipe organs, 
orchestration, electronic instruments, acoustics, and so on. One or two whose 
musical background was stronger than the mathematical were somewhat 
shocked to find figures encroaching on the province of the Muse. These dis- 
senters were cheered, however, to know that Robert Smith in 1759 charac- 
terized equal temperament as "extre.Trely coarse and disagreeable," and that 
Helmholrz in 1852 considered that it made every note on the piano sound 
"false and disagreeable," and that on the organ it product>d a "hellish row." 
Helmholtz had used just intonation, as he called it, or pure tuning, for his 
experimental harmonium, and like many a musical expert, became so con- 
ditioned to perfect harmonies that he found those of equal temperament very 
distasteful. 

Thus, thanks to the Queen of Sciences, the "wolf" has now become a 
thing of the past, though my young daughter tells me that one or two of his cubs 
show up occasionally at the high-school band rehearsals. 
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FOR FURTHER READING AND STUDY 

The following refercnas arc ik« all equally significant. Some of them 
arc quite ^neral, odicrs are either morc scholarly or more technical. All of 
them, Iwwcver, are relevant Those that are probably most illuminating and 
readily accessible have been indicated by. an ast^psk. Not to have been so 
labeled docs not imply that the reference is any way unscholarly or without merit. 
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